By analytically solving the Bogoliubov-de Gennes equations we study the fermion bound states at the center of the core of a vortex in a two-dimensional superconductor. We consider three kinds of 2D superconducting models: (a) a standard type II superconductor in the mixed state with low density of vortex lines, (b) a superconductor with strong spin-orbit coupling locking the spin parallel to the momentum and (c) a superconductor with strong spin-orbit coupling locking the spin perpendicular to the momentum. The 2D superconducting states are induced via proximity effect between an s-wave superconductor and the surface states of a strong topological insulator. In case (a) the energy gap for the excitations is of order ∆ 2 ∞ /(2EF ), while for cases (b) and (c) a zero-energy Majorana state arises. The spin-momentum locking is key to the formation of the Majorana state.
I. INTRODUCTION
Majorana fermions are unconventional quantum states with non-Abelian statistics and potential for quantum computing. 1 The idea of storing quantum information in Majorana states originates from Kitaev. 2 The generation of Majorana bound states at surfaces of strong topological insulators due to the proximity of an s-wave superconductor has been explored by Fu and Kane. 3, 4 Majorana edge states occur at a junction between a superconductor and a ferromagnet deposited on the surface of a topological insulator. 1, 4 A Majorana state also arises as a zero-energy bound state at the core of a vortex as a consequence of the strong spin-orbit coupling in the topological insulator. 1, 3 For a review see Ref. [5] .
In this paper we consider the metallic surface states of a 3D topological insulator (TI). Superconductivity is induced via proximity by an s-wave superconductor (S). We simplify the model by directly introducing the superconducting order parameter into the 2D electron gas without solving the more tedious problem consisting of the TI interacting with S. For an isolated vortex we obtain the fermion bound state excitations close to the core of the vortex. Three situations are considered: (a) a type II s-wave superconductor without spin-orbit coupling, (b) a superconductor with strong spin-orbit coupling locking the spin parallel to the momentum and (c) a S with strong spin-orbit interaction coupling the spin perpendicular to the momentum. For each case we place a vortex at the origin and study the bound fermion states at its core. In case (a) the lowest excitation is gapped by a very small gap of order ∆ 2 ∞ /(2E F ), while for cases (b) and (c) a zero-energy Majorana state is generated, as a consequence of the strong spin-orbit coupling.
For the calculation we follow the method employed by Caroli, de Gennes and Matricon (CdeGM) 7 for a vortex line in a three-dimensional superconductor. The Bogoliubov-de Gennes equations are solved (i) for small distances (compared to the correlation length ξ) from the core of the vortex, where the superconductor order parameter can be neglected, and (ii) for larger distances, still smaller than ξ, but where the order parameter needs to be taken into account. These two solutions are matched at an intermediate radius ρ c . If the matching condition is such that it is independent of the value of ρ c , then we have a solution for the entire region of the vortex. This condition as well determines the value of the energy of the bound state inside the vortex core.
There are previous studies of bound states in type II superconductor vortices besides Refs. [7] and [8] . Based on a generalized Ginzburg-Landau theory, Neumann and Tewordt 9 considered a free-energy functional including terms to the fourth order in ∆ to obtain the electronic structure of a vortex line. Using the WKBJ approximation the structure of vortex lines in pure superconductors was investigated by Bardeen et al. 10 Within the framework of the Bogoliubov-de Gennes theory Gygi and Schlüter 11 calculated the spectrum of a type II superconductor vortex and several related properties and successfully compared their results with scanning-tunnelingmicroscopy experiments on NbSe 2 . Finally, Rainer et al., 12 in the context of high-T c studied the spectrum of an isolated "stack" of pancake vortices in clean layered superconductors and concluded that both, the circular current around the vortex center as well as transport currents through the vortex core are carried by localized states bound to the core. The Bogoliubov-de Gennes equations for a vortex in a topological superconductor have been studied by Suzuki et al. 14 and Rakhmanov et al. 15 The remainder of the paper is organized as follows. In Sect. II we consider the bound fermion states in the vortex core of a 2D superconductor. This model contains no spin-orbit coupling and corresponds to the reduction of the 3D CdeGM calculation to 2D. Consequently the bound states are gapped from the ground state by a small gap of order ∆ 2 ∞ /(2E F ). In Sections III and IV we focus on a vortex in the 2D surface states of a topological in-sulator with proximity induced superconductivity. The strong spin-orbit interaction leads to a spin-momentum locking and a zero-energy Majorana bound state. In Sect. III we consider a parallel spin-momentum locking, while in Sect. IV the vectors are perpendicular. Although the two models can be transformed into each other via a unitary transformation, we believe it is pedagogically useful to solve them independently. Conclusions follow in Sect. V.
II. BOUND FERMION STATES IN A VORTEX OF A 2D SUPERCONDUCTOR
We consider a 2D type II superconductor in the mixed state with the magnetic field slightly above H c1 , but H ≪ H c2 , so that we can assume there is an isolated vortex at the origin. The superconducting pair potential is given by ∆(r) = ∆(ρ)e −iθ , where (ρ, θ) are polar coordinates. Here ∆(ρ) is real, vanishes for ρ = 0, increases linearly with ρ and saturates at the value ∆ ∞ for ρ larger than the coherence length ξ. 6 The Bogoliubov equations are linear coupled differential equations determining two functions, u(r) and v(r), constituting a spinorφ T = u(r), v(r) . For a threedimensional superconductor these equations have been studied by Caroli et al. 7, 8 The present calculation is simplified with respect to the 3D one in that the third dimension is suppressed. The phase of the order parameter is eliminated by the gauge transformation u = e −iθ/2 u ′ and v = e iθ/2 v ′ , or in spinor notationφ = exp(−iσ z θ/2)φ ′ , whereσ i are Pauli matrices acting on the spinor. Using the same arguments as Caroli et al. 7 the vector potential and the magnetic field can be neglected for ρ < ξ. The solution of the Bogoliubov equations is then of the form ϕ ′ = exp(iµθ)f (ρ), where µ is a half-integer sinceφ ′ is a spinor and only invariant under rotations of multiples of 4π. 8 The differential equation satisfied byf is of second order and given bŷ
where 1/2 ≤ µ ≪ k F ξ, k F is the Fermi momentum and is set equal to 1. Since ∆(ρ) increases linearly with ρ from ∆(0) = 0, we may neglect ∆(ρ) for sufficiently small ρ. Eq. (1) is then diagonal in the spinor components,f T = (f + , f − ), and the solution can be expressed in terms of Bessel functions
where q = E/v F and A ± are constants. Here we assumed that q ≪ k F and (k 2
On the other hand, for larger ρ, but ρ < ξ, ∆(ρ) is still linear in ρ but cannot be neglected. Due to the order parameter the two components of the spinor are now mixed. Following CdeGM 7 the Ansatz for a solution isf (ρ) = H
m is the Hankel function of the first kind of order m, m = µ 2 + 1 4 and g(ρ) is a slowly varying (compared to H (1) m ) spinor, i.e. an envelop function. Inserting the Ansatz for a solution into the differential equation (1) and using the differential equation satisfied by the Hankel function, we obtain
Dividing the equation by H
m , neglecting the term with d 2ĝ dρ 2 (since it is a slowly varying envelop) and using the asymptotic expansion of H
the differential equation forĝ reduces to
The terms on the rhs of Eq. (5) are small compared to those on the lhs and can be considered a perturbation.
We write thenĝ =ĝ 0 +ĝ 1 , whereĝ 0 satisfies
The solution of this differential equation iŝ
Note that sinceσ x has two eigenvalues, there is a second solution increasing with ρ as e +K(ρ) . This solution, however, can be disregarded, since we expectĝ 0 to decrease as ρ increases (the bound states are localized in the vortex core).
The first order perturbation correction due to the rhs of Eq. (5) is obtained through
where Eq. (7) is inserted on the rhs forĝ 0 . Forĝ 1 we choose the Ansatz g + 1 = a + e −K(ρ) and g − 1 = −ia − e −K(ρ) and obtain coupled differential equations for a + and a
where we cancelled e −K(ρ) from all the terms. Note that a + +a − is constant and as in Caroli et al. 7 we assume this sum to be 2C.
The solution of this equation is
(11) To first order perturbation we have C(1 ± iψ/2) ∼ C exp(±iψ/2) and we may writê
It is convenient to integrate Eq. (11) by parts
Below we show that the condition that the integral in expression (13) vanishes yields the energies of the bound states.
The final step consists in matching the solution for small ρ and large ρ at a distance ρ c from the core of the vortex. The condition that this matching is independent of ρ c determines the energies of the bound states. For this purpose we consider an asymptotic expansion for the Bessel and Hankel functions
which differs slightly from the ones used by Caroli et al., 7 but is consistent with the table published by the National Institute of Standards and Technology. 13 We must consider three dependencies on ρ: (i) The factor 1/ √ ρ in the Bessel/Hankel functions, (ii) the phase factors exp(ik F ρ) and exp(±iEρ/v F ) of the Bessel/Hankel functions andĝ, and (iii) the dependence on exp[i(ν 2 − 1/4)/(2k F ρ)] from Eqs. (2), (14) , (15) andĝ. The square root dependence in (i) is present in both special functions and is hence straightforwardly satisfied. ψ(ρ c ) in Eq. (13) has a term 2(E/v F )ρ c which gives rise to a phase shift inĝ of e ±i(E/vF )ρc . Combined with the e ikF ρc factor in the asymptotic form of the Hankel function the phase is the same as the one of the Bessel function, Eq. (2), e i(kF ±E/vF )ρc , so that the ρ c -dependence (ii) cancels out. Finally, we must compare the factors (iii) that are inversely proportional to ρ c in the expo-
arising from the Hankel and theĝfunctions, respectively. Recalling that m 2 = µ 2 + 1 4 and that |E|/v F ≪ k F , the two expressions are identical, if we neglect the factor e −K(ρc) for the ρ > ρ c solution. The latter is allowed since for ρ < ρ c we had neglected ∆(ρ). Hence there is a large range for ρ c where the matching of the solutions is satisfied. Note that constants can be absorbed into A ± and C.
The above hinges on the assumption that the integral in Eq. (13) vanishes, i.e.
In this expression we may let ρ c → 0 and integrate the lhs by parts so that
As expected, the excitations are gapped from the Fermi level by a small energy gap of order ∆ 2 ∞ /(2E F ) (see Ref. [7] ).
III. BOUND STATES IN A VORTEX OF A 2D DIRAC HAMILTONIAN
In this Section we consider the 2D Dirac model with swave superconductivity induced via proximity. 3, 14, 15 The electron gas corresponds to the surface states of a topological insulator. The strong spin-orbit interaction couples the spin parallel to the momentum. As before we consider an isolated vortex, assuming a field perpendicular to the plane with H ≪ H c2 and slightly larger than H c1 . We apply the same method as used in Section II.
The wave function is a 4-component spinor, 
We adopt polar coordinates, (ρ, θ), and write ∆(r) = ∆(ρ)e −ilθ , where l is the vorticity (number of flux quanta contained in the vortex). 16 Using the same arguments as in Refs. [7] and [8] we disregard the vector potential in Eq. (19) . In polar coordinatesĥ(r) can be written aŝ
and the field operators expanded as Ψ(ρ, θ) = (2π) −1/2 µ Ψ µ (ρ)e iµθ , where µ is a half-integer. As in Sect. II the θ-phase of ∆(r) can be eliminated via a gauge transformation, yielding a θ dependence of the components of the spinor Ψ µ of
where f µ j is the amplitude of the component j. Applying the spinor toĥ(ρ, θ) we obtain
The first order differential equations satisfied by f µ j are
From Eq. (25) we can express f µ 2 (ρ) and insert it into Eq. (24) to obtain a second order differential equation. Similar substitutions can be done for the remaining equations. Defining q p = (E F + E)/v F and q h = (E F − E)/v F (for particles and holes, respectively) we obtain
where we have converted first order differential equations into second order ones.
Since ∆(ρ) increases linearly from zero, we may neglect ∆(ρ) for ρ < ρ c (as in the previous section). The solutions for ρ < ρ c are then
where J ν (z) are again Bessel functions. For ρ > ρ c , on the other hand, we write the solution as a product of a Hankel function times an envelop function,
, as in Section II. We denotẽ ρ = k F ρ and ν 1 = ν 3 = µ 2 + (l + 1) 2 /4 and ν 2 = ν 4 = µ 2 + (l − 1) 2 /4. We further assume that for ρ ≪ ξ, d∆(ρ)/dρ = ∆ ′ , where ∆ ′ is a constant. The next step consists of inserting the Ansatz for f j (ρ) into Eqs.
(28-31) and use the differential equation satisfied by the Hankel function. This way we obtain four coupled second order differential equations for the functions g j (ρ). As in Section II we neglect the second order derivatives of g j , since these are slowly varying functions. Dividing the equations by H
νj (ρ) and using Eq. (4) we arrive at the following equations for the g j :
2i
Here we used that asymptotically for large argument H
Rescaling e −iφ g 2 → g 2 and e −iφ g 4 → g 4 all the e −iφ factors are eliminated.
The Cooper channel in the BCS theory couples parallel up-spin and down-spin propagators. This corresponds to coupling the f 1 and f 4 functions through the pairing potential ∆, as well as the f 2 and f 3 functions through ∆. This determines the leading terms for s-wave superconductivity to be considered in Eqs. (33-36). In analogy to Section II we have then
and the remaining terms in Eqs. (33-36) will be treated in first order perturbation, g
j . The solution of Eq. (37) is
is the same function as in section II except for a factor 1/2.
The equations for g
and 2i d dρ
(40)
We now insert our solutions for g (0) j into Eqs. (39) and (40), and with the Ansatz g
3 = a 3 e −K and g
Since all the terms are proportional to e −K(ρ) , this factor has been cancelled out. These equations decouple if one takes their sum and difference:
The integration of the decoupled differential equations yields
and
The functions f µ j (ρ) forρ >ρ c are now H
νj (ρ)g j (ρ). They have to be matched atρ c to f µ j (ρ) given by Eq. (32) forρ <ρ c using a similar procedure to that of Sect. II and Ref. 7 . The functions g j were calculated consistently to first order of perturbation and are going to be written as an exponential, e.g. g j (ρ) ∝ exp[−K(ρ)+a j (ρ)], which remains correct to first order. As shown in Section II there are three factors in f j depending onρ. (i) The asymptotic expansions for the Bessel and the Hankel functions both have a 1/ √ρ cdependence. (ii) The Bessel function has a exp[i(k F ± E/v F )ρ c ] dependence, while the asymptote of the Hankel function yields a exp[iρ c ] factor. The functions g j (ρ c ) give rise to a factor exp(±i(E/v F )ρ c ) from the functions a j (ρ c ). To extract this factor it is necessary to integrate by parts the term ±
Hence, this dependence is the same forρ <ρ c andρ >ρ c . (iii) The thirdρ c dependence arises from the factor exp{i[(µ − (l ± 1)/2) 2 − 1/4]/[(k F ± E/v F )2ρ c ]} from the Bessel functions, the factor exp{i[(µ 2 + (l ± 1) 2 /4) − 1/4]/(2k F ρ c )} from the Hankel function and the function g j . Since E F ≫ |E| the Bessel function contribution simplifies to exp{i[(µ − (l ± 1)/2) 2 − 1/4]/[2k F ρ c ]}. The factor arising from g j is exp[∓i(l ± 1)µ/(2k F ρ c )] and it is generated by two contributions, namely exp{±i ∞ ρc dx[µ/(2x 2 )]} and exp{±i ∞ ρc dx exp[2K(ρ c ) − 2K(x)](lµ/2x 2 )}. The latter requires integration by parts. This way we have the samẽ ρ c dependence forρ >ρ c andρ <ρ c if the remainder of the argument in the exponential of g j vanishes. We discuss this remainder below.
The four-dimensional spinor for the topological superconductor splits naturally into two two-dimensional ones, i.e. s-wave superconductivity pairs the functions f 1 and f 4 , and f 2 and f 3 . Any other combination would admix a triplet component to the singlet pairing. Spin reversal symmetry then requires that the magnitude of the amplitudes C and C ′ be equal, i.e. |C ′ | = |C|. Choosing C ′ = ∓iC the energy of the bound states is real and the remainders in the exponents of g j , j = 1, · · · , 4, are linear combinations of
Note that the present calculation is correct only to first order perturbation. The dominant term is the one involving the integral fromρ c to ∞, i.e. the first term, which is common to all four functions. We recall that ρ c ≪ ξ, so that the rest of the terms are necessarily much smaller and can be neglected, the same way as the factor e −K(ρc) in section II and in Ref. [8] . The largest of these terms is the last term of Eq. (47), (i/2)
and can be neglected as in Ref. [7] .
The bound state energies are then determined by (first term in Eq. (47))
At this point we can takeρ c → 0 in the lower integration limit and integrate the first term by parts. We then obtain for the energies
(49) Since the main contribution to the integrals is for ρ ≪ ξ, where ∆(x) is linear in x, we arrive at E ∓ µ ≈ l 2 (µ ∓
There are some differences between the ordinary superconductor (Section II) and the topological case. The two models have different dispersions, i.e., in one case the dispersion is parabolic while in the Dirac case it is linear in the momentum. This difference gives rise to a factor 1/2 in the energy spacing between the bound states. Furthermore, the dimension of the spinors is different. The four-dimensional spinor for the topological superconductor splits naturally into two pairs: (f 1 , f 4 ) and (f 2 , f 3 ). For given µ the two signs in Eq. (50) refer to these two pairs and bound states are then labeled by two quantum numbers, µ and ±. The respective correspondence of the sign is fixed by the choice of the sign of C ′ /iC. Changing the sign of C ′ /iC reverses the order of the correspondence. Assuming C ′ = −iC, the energy of (f 1 , f 4 ) is a solution with energy E − µ and the one for the
Sincef is a spinor its spin µ should be a half integer and hence µ ± 1 2 is an integer, which can take the values n = 0, ±1, ±2, · · ·. The energy is then given by E n ≈ nl(∆ 2 ∞ /2E F ). Energy eigenstates are then a linear combination of amplitudes of two consecutive µ-values. Approximate ex-pressions for the amplitudes are given by
The constant prefactors have been determined such that the amplitudes are continuous in the limit ∆(r) → 0 for E F ≫ E. An energy wavefunction with energy E = E − µ is then obtained by shifting µ to µ−1 for the components 2 and 3, i.e. f µ−1 2 and f µ−1
3
, so that
For µ = 1 2 the wavefunction corresponds to a fermion operator with E n = 0, while for µ = 1 2 we haveψ 0 (r) = ψ † 0 (r) and the state is a Majorana fermion. The counterpart to the Majorana fermion is placed far away along the axis of the vortex and hence not a solution of this problem.
The existence of the 1 2 -term in Eq. (50) is due to the spin-momentum locking in the Dirac Hamiltonian. Choosing a closed path containing the core of the vortex, the path-integral arising from the momentum of the charges is proportional to µ. Since the spin and the momentum are strongly coupled, this also yields a contribution due to the spin, i.e. we get µ ± 1 2 due to the Berry's phase. For ordinary superconductors the momentum and the spin are decoupled, so that the spin is not forced to rotate with the path. Hence, the total contribution is just proportional to µ.
IV. CASE OF PERPENDICULAR SPIN AND MOMENTUM LOCKING
In this section we consider a Hamiltonian of the form 18,19ĥ 
where e z is the normal vector to the plane. The 4component spinor, H and the order parameter, Eqs. (18) and (20), remain unchanged. In polar coordinates ∆(r) = ∆(ρ)e −ilθ (l is again the vorticity 16 ) and
(54) Here we neglected the vector potential following the same arguments as in Refs. [7] and [8] and previous sections. As in Sect. III we expand the field operators as Ψ(ρ, θ) = (2π) −1/2 µ Ψ µ (ρ)e iµθ , where µ is a half-integer, and we eliminate θ-phase of ∆(r) via a gauge transformation. The θ dependence of the components of the spinor Ψ µ is again given by Eq. (22) . Applying the spinor Ψ µ (ρ)e iµθ to Eq. (54) we obtain
(55) As in Sect. III we denote with f µ j the amplitude of the component j of the spinor. The equations of motion for the amplitudes are similar to Eqs. (24-27), except for factors i and signs,
With similar substitutions as in Sect. III we convert these first order differential equations into second order ones
As previously, since ∆(ρ) increases linearly from zero, we may neglect ∆(ρ) for ρ < ρ c . In terms of Bessel functions the solutions for ρ < ρ c are then identical to Eq. (32). On the other hand, for ρ > ρ c , we again write the solution as a product of a Hankel function times an envelop function, f j (ρ) = H (1) νj (ρ)g j (ρ)+c.c., and as in Section III we denoteρ = k F ρ and ν 1 = ν 3 = µ 2 + (l + 1) 2 /4 and ν 2 = ν 4 = µ 2 + (l − 1) 2 /4. Inserting the Ansatz into Eqs. (60-63) and using the differential equation satisfied by the Hankel function we obtain second order differential equations for the functions g j (ρ). Neglecting the second order derivatives of g j (slow varying functions), dividing the equations by H (1) νj (ρ) and using Eq. (4) we obtain
where e −iφ has been defined in Section III. As before, rescaling e −iφ g 2 → g 2 and e −iφ g 4 → g 4 all the e −iφ factors are eliminated.
To leading order we again pair the f 1 and f 4 functions and the f 2 and f 3 functions through the BCS pairing potential ∆ as in Eqs. (37). To lowest order the solutions g 
j . The equations for g
(69)
Next we insert the solutions for g (0) j into Eqs. (68) and (69), use the Ansatz g
3 = a 3 e −K and g (1) 4 = −ia 4 e −K , cancel the factor e −K(ρ) (which is a common factor to all terms), and finally we decouple the equations by taking the sum and difference of the above equations:
These equations are very similar to Eqs. (43) and (44). The integration of the decoupled differential equations yields
As in Section III the functions f µ j (ρ) forρ >ρ c , given by H (1) νj (ρ)g j (ρ), have to be matched atρ c to f µ j (ρ) given by Eq. (32) forρ <ρ c . The functions g j were calculated in first order of perturbation and are going to be written as an exponential, e.g. g j (ρ) ∝ exp[−K(ρ) + a j (ρ)]. As before, there are three factors in f j with distinctρ dependence for both,ρ <ρ c andρ >ρ c : (i) The 1/ √ρ cdependence of the asymptote of the Bessel/Hankel functions, (ii) an exp[i(k F ± E/v F )ρ c ] dependence, and (iii) the exp{i[(µ − (l ± 1)/2) 2 − 1/4]/[(k F ± E/v F )2ρ c ]} dependence from the Bessel and Hankel functions. Proceeding the same way as in Sects. II and III and assuming E F ≫ |E| the variation withρ is the same forρ <ρ c andρ >ρ c , provided the remainder of the argument in the exponential of g j vanishes or is negligible.
From the symmetry of the equations we have again |C ′ | = |C|, but in this case we choose C ′ = ±C to obtain a real energy. The leading contribution of the remainder in the exponential of g j is
which we equate to zero. Recalling that ρ c ≪ ξ we can take the limitρ c → 0 in the lower integration limit. Integrating the second term (containing E) by parts we obtain for the bound state energies the same expression as in Eqs. (49) and (50)
The results are distinct from that of the ordinary superconductor (Section II), but the same ones as for the model of sect. III. The factor of 1/2 with respect to Eq. (17) is again consequence of the different dispersion (linear vs. parabolic), and the factor l(µ ∓ 1 2 ) arises from the strong spin-orbit coupling in the topological nontrivial case. Sincef is a spinor its spin µ is a half integer and the term 1 2 represents the Berry phase. Furthermore, as in Sect. III the four-dimensional spinor for the topological superconductor splits naturally into two pairs: (f 1 , f 4 ) and (f 2 , f 3 ). For given µ the two signs in Eq. (75) refer to these two pairs. The states are then labeled by two quantum numbers, µ and ±, and the correspondence of the state and sign is fixed by the choice of the sign of C ′ /C. Changing the sign of C ′ /C reverses the order of the correspondence. Energy eigenstates are then a linear combination of amplitudes of two consecutive µ-values. Approximate expressions for the amplitudes are the same ones as in Eq. (51). Assuming C ′ = −C, the energy of (f 1 , f 4 ) is a solution with energy E − µ and the one for the pair (f 2 , f 3 ) is E + µ , and viceversa for C ′ = C. Sincef is a spinor its spin µ should be a half integer and hence µ ± 1 2 is an integer taking the values n = 0, ±1, ±2, · · ·.
For C ′ = −C an energy wavefunction with energy E = E − µ is then obtained by shifting µ to µ − 1 for the components 2 and 3, i.e. f 
For µ = 1 2 the wavefunction corresponds to a fermion operator of energy E n , n = 0, while for µ = 1 2 we havê ψ 0 (r) =ψ † 0 (r) and the state is a Majorana fermion. So far we considered only the leading contribution of the remainder in the exponential of g j . The nonleading part are linear combinations of terms of the form
The last three terms are clearly of higher order and can be neglected. The first term is also small compared to Eq. (74), since the integral is only from 0 toρ c and vanishes in the limitρ c → 0. This term is of the same order as the factor e −K(ρc) in section II and in Ref. [8] .
V. CONCLUSIONS
We studied the bound states in the core of a vortex of a two-dimensional superconductor by solving the Bogoliubov equations following the procedure outlined by Caroli, de Gennes and Matricon. 7 For the ordinary s-wave superconductor we arrive at a similar result as CdeGM obtained for the 3D superconductor. The bound states are fermionic and gapped from the ground state by an energy scale of about ∆ 2 ∞ /2E F . In Sects. III and IV the electron gas corresponds to the surface states of a topological insulator. Consequently the momentum and the spin are locked due to a strong spin-orbit interaction. Two cases have been considered, namely, a locking of the spin parallel and perpendicular to the momentum. The superconductivity is induced into the 2D Dirac sea via proximity of an s-wave superconductor. The results for the bound states in the core of the vortex are independent of the kind of spin-orbit coupling (as long as it is strong). The characteristic energy scale for the spacing of the energy levels is ∆ 2 ∞ /2E F . The calculation yields a string of fermion bound states with energy E n , n = 0 and a bound state with Majorana statistics with E = 0.
The main difference between the ordinary superconductor and the topological superconducting gas is the spin-locking. In the latter in a closed path the spin is forced to follow the momentum giving rise to a non-trivial Berry phase of 1/2. This converts the half-integer spinor quantum numbers into integer ones and opens the possibility to the existence of a Majorana fermion.
Within the range of validity of the present calculation (|E| ≪ ∆ ∞ ≪ E F ), the gap between the Majorana state and the first excited fermion state is very small. Hence, extremely low temperatures are required, unless E F is reduced to close to the vertex of the Dirac Hamiltonian. Although this is beyond the validity of our results, we do not expect qualitative changes in the results. This would be a necessary condition for the use of this Majorana state in quantum computing.
